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Abstract. In this paper we study properties of hyperholomorphic functions 
on commutative finite algebras. It is investigated the Cauchy-Riemann type 
conditions for hyperholomorphic functions. We prove that a hyperholomorphic 
function on a commutative finite algebra can be expanded in a Taylor series. 
We also present a technique for computing zeros of polynomials in commutative 
algebras. 



Introduction 

The development of hyperholomorphic function analysis has renewed interest in 
mathematics and physics because of fruitful applications. One of the most pop- 
ular hypercompex analysis is quaternionic analysis, however, non-commutativity 
of quaternion algebra causes many intractable problems, for instance, the problem 
of expansion of a hyperholomorphic quaternionic function in a Taylor series. In 
this regard hyperholomorphic analysis on commutative unitary algebras is a natu- 
ral extension of complex analysis, despite the fact that in these algebras we have 
problem of zero divisors. There are many commutative generalization of complex 
numbers, say, hyperbolic numbers, bicomplex algebra etc. (see pQ). In [2] it is 
proved that hyperholomorphic functions on bicomplex algebra can be expanded in 
a Taylor series. In this article we generalize this result to any hnite commutative 
algebra. 

1. Differentiation in finite commutative algebra 

Let A be a hnite commutative unitary algebra over K = M. (or C), a set of 
vectors eo, ei, . . . , e n be a basis of A, and eo be the unit of the algebra. Consider a 
function / : A — » A of the following form 

n 

f(x) = ^2e k u k (x), 

where Uk{x) — Uk(xi, X2, ■ ■ ■ , x n ) are real (or complex) functions of n arguments. 

Definition 1.1. f(x) is called A-differentiable at a point xq £ A if there exists 
the function /' : A — > A such that for any h £ A 

, nl £?,t~\ v f{xo+sh)-f(x ) 
(1.1) hf'(x ) = km , 

E— >0 £ 
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where /' doesn't depend on h. 

A function / is said to be A-holomorphic if / is A-differentiable at every point 
of A. 

Theorem 1.2. A function f(x) = ELo ^kUk{x) is A-holomorphic if and only if 
there exists the function f : A — > A such that for all k — 1, . . . , n, and \/x G A 

(1.2) ^ = fa ^lM , 

where f doesn't depend on e^. 

Proof. Suppose that (II. 2\i is fulfilled, then it is easily verified that 

f = linW) m^m = E » =o ^ 

ej> = Um_ = ELq = el ELq 

(1.3) 

p f' - lim n f( s + £S ~)-f( s ) - V" p t ^ - p V" 

Consider h — ELo hkSk- It follows from Eqs. (|1.3|) that 

hof' = hoY:Uek^, 



This implies that 

hp = h ELo + fti ELo 4fe + ■ • • + K ELo 3^ 

1 j m /(£o+efe)-/(£o) 
e^O e 

Furthermore, it follows from Eqs. (11.3| ) that 

fro ELo + ^ ELo 4 ft + • • • + K ELo 4fe = 

^o ELo efcfe + fri^i ELo efet^ + • • • + frne„ ELo 
Therefore, for every /i G A 

rv^^9u fc f(x +eh) - f(x Q ) 
h) e k - — = lim 

fe=0 u 
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□ 

By using Eq. (|1.3[) . we have 

du k 



E n -> du k -» s~^ n -> duk 
k=0 ek dx 2 ~ e2 l^k=0 e k g X() 



(1.5) 



Eqs. (|1.5| ) will be called the Cauchy-Riemann type conditions. It follows from 
Theorem 1 1 . 21 that if f{x) — Y^k=o ^kUk{x) satisfies (11.51) then / is A-holomorphic. 

Theorem 1.3. If f is A-holomorphic and u% 6 C°°, k = 1, . . . , n, then for all I > 1 
f/iere exists f^\ which is A-holomorphic and = X)l-=o 6fc ^ "; fc ■ 

Proof. It is easy to see that functions u' fc = , fc = 1 , . . . , n, satisfy conditions 
(fT3D since u k e C°°. So /' is A-holomorphic and /" = £]l e fe ^r ( see OHO- 
In complete analogy with this we can show that /W is A-holomorphic and p- 1 ' — 

Let / be an A-holomorphic function. For fixed x, h £ A consider the function 

F{t) = f(x + th). It is easily verified that = P(x)h l . So the function F(t) 

can be expanded in a Taylor series as follows 



;>o 

Putting f = 1, we have 

(1.6) f(x + h) = f{x) + f'(x)h + ^f'(x)P + ... 

Therefore, every A-holomorphic function (with u k £ C°°) can be expanded in a 
Taylor series. In the particular case where a bicomplex (or hyperbolic) function is 
hyperholomorphic, it can be expanded in a Taylor series (|1.6p (see [I], [2]). 

2. Zeros of polynomials in commutative algebras 

Since each A-holomorphic function can be approximated by its Taylor polyno- 
mial of finite degree, zeros of such functions might be studied if we can calculate 
zeros of polynomials. Let p m {w) = a m w m + o ra _iw m_1 + . . . + ao be a polynomial 
in the algebra A. Our purpose is to investigate the structure of the set of zeros of 
the equation 

(2.1) p m (w) = 0. 
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Theorem 2.1. If A has 7i non-trivial idempotents ii, ii, • ■ • , in such that i p i r — 
for p ^ r, and Yl^—i ii = L then Eq. \2.1\) can be reduced to the system of 
polynomial equations in the field K . 

Proof. As a preliminary to the proof of the theorem, we shall prove several auxiliary 
lemmas. 

Lemma 2.2. Idempotents ix,i%, ■ ■ ■ ,i n are linearly independent vectors. 

Proof. Suppose the contrary, then there exist k%, &2, • • • , k n £ K such that J2 P =i \kp\ > 
and X)p=i k p i p = 0- By using the properties of idempotents, we have k p i p = 
for all p — 1,2, ... ,n, but this is impossible. Indeed, if k p i p = for k p ^ 0, then 
k p ^(k p i p ) = ip = 0. n 

Denote by /; = {eti;|a £ A} the principal ideal generated by ii, I = 1, 2, . . . , n. It 
follows from the conditions of Theorem 3 that the algebra A can be decomposed 
in the direct sum (the Pierce decomposition): A = I\ ffi 1% ® . . . © I n . 

Lemma 2.3. If a £ Ii then there exists k £ K such that a = kii, i.e., the ideal Ii 
can be represented in the following form Ii = {kii\k £ K}. 

Proof. For a £ Ii there exists b £ A such that a — 6ij. Since . . ■ ,i n are 

linearly independent, there exist k\, ki, . . . , k n £ K such that b — J2 P =i kpip- Thus, 
a = bii = Ep=i k p i p )ii = km. □ 

Let us consider decompositions 

a r = a,r + • ■ • + fflf , r = 0, 1, . . . to, 

(2.2) 

W = Wl + . .. + w n , 

where al P \ w p £ I p . Plugging (12. 2|) into ()2. 1|) . we obtain the following system of 
polynomial equations 

a^w? + a^w?- 1 + ... + 4 13 = 0, 



(2.3) 



a$w? + a^w™- 1 + . . . + 4 2) = 0, 



(") m , («) „,m-l , ,„(")_ n 

It follows from Lemma 12.31 that where fc^ ,x £ K. 

(s) (s) _i (s) 

Therefore, taking i s out of the expression a„j ui™ + a^i^ui™ + . . . + Oq = 
0, s = 1, . . . ,n, the system (|2.3|) can be reduced to the system of n polynomial 

( s) 

equations in K with coefficients kr . □ 

Example 2.4. Let A be the bicomplex algebra, i.e., A = {cq + eci|co,ci 6 C}, 
where e 2 = 1 and A is commutative. The bicomplex algebra has two idempotents 
i\ = and ii = It is easy to see that i±i2 = and i\ + ii = 1. Thus, in 

this case polynomial equation (|2.ip can be reduced to the system of two polynomial 
equations in C (see [4]). 
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Example 2.5. Suppose A is the commutative algebra of the following form A = 
{clq + eai + fa2 + gas\ak E R}, where e 2 = f 2 = g 2 = 1 and efg = 1. This algebra 
has four idempotents: h = 1+e + /+3 , i 2 = 1 ~ e ~ /+g , t 3 = 1+e ~/~ g , t 3 = 1 ~ e + / ~ g . 
It is easy to see that ifci; = for k ^ I, and ^ + i 2 + «3 + «4 = 1. Therefore, in this 
case polynomial equation (|2.1[) can be reduced to the system of four polynomial 
equations in R. 
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